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Competitive Market Equilibrium

3 Inacompetitive economy, buyers decide
how much to buy and producers decide how
much to produce

3 A market competitive equilibrium is
characterized by price
O Higher prices induce lower demand/consumption
O Higher prices induce higher supply/production

3 Prices can be thought of indicators of
congestion in system =2 a congestion
equilibrium generalization



An Internet Ecosystem Model

O Three parties system (M, u, N'): 1) Content
Providers (CPs), 2) ISPs, and 3) Consumers.
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O u : capacity of a bottleneck ISP.

3 A; : throughput rate of CP i € V.

T M : number of end customers using the ISP.




What drives traffic demands?

7 User drives traffic rates from the CPs.

7 User demand depends on the level of
system congestion denoted as T

7 Given a fixed congestion I', we characterize
Ai(Muu'N) — AL(F) — aiMpi(F)

< Assumption 1: p;(-) is hon-negative,
continuous and non-increasing on |0, 8;| with
pi(0) =6; and lim p;(T) =0
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Interpretation of p;(:)

A;(T) = a;Mp;(T')

J «; is the % of users that are interested in
content of CPi.

3 p;(T) can be interpreted as the per-user
achievable throughput rate, which can be
written as

p;(I') = d;(T)6;(I),
where 6,(T") € [0,8;], is the throughput of
an active user and d;(T) € [0,1] is the % of
users that are active under T'.



What affects congestion I'?

QLet A= (44,--,Ay) be the rates of the CPs.

AT of system (M,u, ') is characterized by
O Throughput rates A and system capacity u
O Higher throughput induces severer congestion
O Larger capacity relieves congestion

% Assumption 2: For any p; < p, and A < A,
I'(:) is a continuous function that satisfies
F(A) :ul) = F(A) HZ) and F(All ‘Ll) = F(AZJ ‘Ll)



Unique Congestion Equilibrium

3 Definition: A pair (A, T) is a congestion
equilibrium of the system (M, u, V) if
AL(M,u, N) = aMp;(NVieN and T =T'(A, 1)

3 Theorem 1. Under assumption 1 and 2, system
(M, u, ') has a unique congestion equilibrium.

O Intuition:
O Al: decreasing monotonicity of demand
O A2: increasing monotonicity of congestion
> System balances at a unique level of congestion



Further Characterization

< Assumption 3 (Independent of Scale):

[(A,p) =T(EAEn) vE >0,

3 Theorem 2: Under assumption 1 to 3, if
(A, ) is the unique equilibrium of (M, u, V),
then for any é > 0, (¢A, u) is the unique

equi

> Equi
function of the per capita capacity v &

ibrium of (éM, &u, V).

ibrium (A, T) can be expressed as a
def .u



Equilibrium as a Function of v

7 Congestion in equilibrium T (M, u) &
['(M,u, V) is a homogenous function of
degree 0, i.e.

Iy (V) = Ty (EM, ) v § > 0.

O (v) is a continuous hon-increasing
function of v that satisfies
FNl (V) < FNZ (V) V]V‘l C NZ'

7 Rates in equilibrium Ay (M, u) & AM, u, ')
is a homogenous function of degree —1, i.e.
Ay (M, p) = A (EM,§p) V € > 0.



Interpretations of Congestion

O The concept of congestion is very broad
O depends on the system resource mechanism
O can be functions of delay, throughput and etc.

1. System mechanism: M/M/1, FIFO queue;
Congestion metric: queueing delay:;

F(Aw) =Ty =

U= Ay



Interpretations of Congestion

2. System mechanism: Proportional rate
control, i.e. 0;:0; = 0;:6; for all i,j € IV;
Congestion metric: throughput ratio;

F(A,u)zFNze—i—lvl'eN

l

3. System mechanism: End-to-end congestion
control, e.g. max-min fair mechanism;
Congestion metric: function of throughput;

1
(A, u) =T =
(A w) =Ty max{6;:i € '}




PMP-like Differentiations

O k percentage of capacity dedicated to
premium content providers

3 ¢ per unit traffic charge for premium content

Capacity Charge

Premium Class KK $c /unit traffic

Ordinary Class (1—K)p $0



Two-stage Game (M, u, V', 7)

3 Players: ISP 7 and the set of CPs v

0 Strategies: ISP chooses a strategy s; = (k, ¢).
CPs choose service classes with sx= (0 ,P).

7 Rules: 1s* stage, ISP announces s;. 2"d stage,
CPs simultaneously reach a joint decision sw.

3 Outcome: set P of CPs shares capacity ku
and set O of CPs share capacity (1- «)p.



Payoffs (Surplus)
3 Content Provider Payoff:

vi/li ifi € O,
ui(4) = {(vi—c)/li ifi € P.

O ISP Payoff: cYicpii = cAp

0 Consumer Surplus: ;¢ @il



CPs’ strategy

3 Choose which service class to join

0 Congestion-taking assumption: Competitive
congestion equilibrium in each service class

Capacity Charge
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Best response, Nash equilibrium

< Lemma: Given (0, P), CP i's best response
to join the premium service class if

(Wi — pi(Tpugy (V) = vipi(Tou (1 — V).
> Nash equilibrium:

[ _ pi(To((1 — K)v))
V; — C< - Pi(F?U{i}(KV))
v g pi(Tour (1 — K)v)) if i €

\ pi (Tp(kv))

ifi € 0,

P.




Competitive equilibrium vs Nash

3 Under the congestion-taking assumption:
> Competitive equilibrium:

v —cC {s pi(To((1—K)v)) ifieo,
v, (> p; (Tp(kv)) ifi € P.

7 Advantages of competitive equilibrium:
O Does not assume "common knowledge"

O Like the price-taking assumption, valid for large
number of players (CPs)



Solving Competitive Equilibrium

3 Each CP has a binary choice, state space
size is 2V exhaustive search not feasible

« If for any I; and I, p;(-) satisfies

pi(I}) _r
Pi(rz) - FL(G(Fli FZ));

where F; is continuous and invertible

Ul—

“) and use binary

> Sort the CPs by F (=
search to find a competitive equilibrium



Solving Competitive Equilibrium

7 A general searching method in the
“congestion space”

<« Initialize at step 0, assume the congestion

in service classes to be I'[0] = (F(EO], 1“3[,0]).

< At step t, take previous congestion I'[t — 1],
calculate induced equilibrium (O, Ppe)-

< Update the congestion level I'[t] based on
the previous estimate I'[t — 1] and the
induced congestion level (T Tpp)-



Finding competitive equilibrium

—

Vo o N o O b~ w N

Initialize 0] = (1), 13); ¢ = 0;
Calculate induced equilibrium (O, Piop):
Do

M'[e] = Qo Tpggy) -

[t +1] =T[e] + g[e](T'[¢] = TeD .

t=t+1;

Calculate the induced equilibrium (O, Pi¢):
Until ¢ > T or (O, Pre) == (Ope—1p, Pie-11):
Return (O, Piy):

O Parameters: gain g[t] and maximum steps T.



Applications

7 Congestion equilibrium serves a building
block of more complicated game models

> Analyze strategic behavior of a
monopolistic ISP

> Analyze strategic behavior of ISPs under
oligopolistic competition

> Compare social welfare under different
policy regime, e.g. Network Neutrality Vs.
non neutral policies.



