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Abstract

A contentprovider mustchoosehow to provisionits senerresources$o handleclient demandor its
content. When provisioning is basedon typical demandclientsareturnedaway during peakdemand
periods. Provisioning basedon peakdemandor contractinga third party contentdistribution network
serviceincreasegosts. An alternatve approachs for the variouscontentprovidersto form a collec-
tive in which their sener resourcesre pooledtogethey servicingthe demandof the entirecollective.
Herewe comparethe performanceof sener sharingcollectivesto contentproviderswho operatetheir
senersin isolation. We demonstrateisinganalysisand simulationsuponfundamentafjueueingnod-
elsthat by hostingoneanother‘scontentwithin a collective, contentdistributorscanreducethe rate at
which client requestsareturnedaway. We alsoanalyzea classof thresholdingechniqueghat content
providerswithin thecollective canapplyto limit theuseof theirown senerresourcedy othercollective
membersWe shaw thatthesethresholdingechniquepermita contentproviderto assisbtherproviders
within the collective without sharingits resourceso a pointwhereits ability to serviceits own clientsis
unsatiséctory

1 Intr oduction

Contentproviders profit by servicingclient requestsput mustpay for the setof resourcedi.e., seners)
that provide the service. Profitsarethereforemaximizedby carefully configuringthe systemof senersto
closely meetclient demandfor the contentobjectsit hosts. However, selectingthe bestconfigurationis
often difficult becauseof fluctuationsin an objects popularity over time. For example,thereis empirical
evidenceof senerworkloadsof online courseofferingswhoserequestatesvary sporadicallywith time [1].

In suchscenariosthe contentprovider (a.k.a.,the provider) can provision the systemto handlethe
expectedaveragedemand. This keepsequipmentcostslow and provides acceptableservicemostof the
time. However, during periodswherethe contentreachests peakin popularity the servingsystemwill be
forcedto turn away a large numberof requestsreducingpotentialrevenues.The provider canpay a third

*SERE, Function: noun, Etymology: Latin series,Date: 1916: a seriesof ecologicalcommunitiesformedin ecological
succession.

tThis materialwassupportedn partby the NationalScienceFoundationunderGrantNo. ANI-0117738andCAREERAward
No. 0133829.Any opinions,findings,andconclusionsor recommendationsxpressedn this materialarethoseof the authorsand
do not necessarilyeflectthe views of the National ScienceFoundation. Daniel Villela is a CNPg-BrazilScholar(Ref. Number
200168/98-3).



partycontendistribution network (CDN) to hostits contentduringthesepeakperiodsor it canoverprovision
its own setof resource$o handlethesepeakperiods.Eitherway, the provider paysfor the extra capacity

Here, we consideranotheralternatve that we call SERES:providers form collectves and assistone
otherduringperiodsof overloadby hostingeachothers content.In SERES egachprovider's bandwidthand
storageresourcesre usedto hostthe contentof the entire collective. Underthis paradigm,a provider’s
sener systemcanbe provisionedto servicethe expectedaveragedemandwhile additionaldemandsluring
peak periodsare servicedby redirectingrequestgo seners owned by other membersof the collectve.
It follows intuitively and from the law of large numbersthatif all providers provision accordingto their
averageloads,thenwith very high probability alarge collectve asa wholewill be ableto absorbthe peak
periodsof high demandsmposedupontheindividual providers.

TheSERESrameawork differsfrom framewnorksanalyzedreviously thatleverageoff thegainsachieved
by poolingtogetheresourcege.g.,to preventoverloadingor to enableload balancing)n thatin SERES a
provider only profitswhenoneof its own clientsis servicedby the SERESsystem.As in previous models,
a provider “wins” by participatingbecausehe additionalresourcesn the systemcanbe usedto process
its clients’ requestsHowever, unlike previous models, the provider also“loses” becauséts own resources
mustalsobe availableto processhe requestf otherproviders’ clients. Suchprocessinglrainsits own
availableresourcesvithoutdirectly contrituting ary profit.

We performan analyticalexaminationof the potentialbenefitsand dravbacksthat a serviceprovider
recevesby participatingwithin a SEREScollective. Our examinationassumeshatthelimiting resourceof
asener is its processingoower or the bandwidthon the accesdink to the sener. Underthis assumption,
the geographicapositioningof the senersrelative to one anotheraswell asto the client doesnot affect
performancePracticallyspeakingpnecanconsidethis scenarido reflectanetwork whosecoreforwarding
resourcegremorethanadequatelyrovisioned.We leave consideratiorof the geographicapositioningof
clientsandsenersasfuturework.

Within this framewvork, we considertwo generalclassesof traffic. The first classconsistsof a setof
transfersthat must be transmittedat a fixed rate, suchas streamedvideo. Suchtransfersrequirea fixed
amountof the sener’s processingesourceo performthe transfer The secondclassconsistsof a setof
transfersthat are elastic and “share” the available processingequally: a sener hostingn simultaneous
transferscantransmiteachsessiorat 1/nth the rate that would occurwhenthe sener transmitsa single
session.We modelthe senersasqueueingsystems:for fixed-ratetransfersthe queueingsystemis first-
come-first-serg (FCFS),for elastictransfersthe queueingsystemis modeledusing a processoisharing
(PS)disciplinewhereeachsener boundsthe maximumnumberof requestst will servicesimultaneously
to lower boundthe minimumrateof service.

We measurgerformanceof systemsservicingfixed-ratetransfersasa function of the blocing proba-
bility: therateatwhichrequestdor transfersarerejectedbecausehe entiresystems processingesources
arein use.Performancef systemservicingelastictraffic is measuredsafunctionof bothblockingprob-
ability andcompletiontime of a transferfrom the time of the request.We evaluatethe performanceof the
SERESsystemby fixing the arrival processandserviceconfiguration(buffer size,processingates)of each
provider's servicingsystemandcomparinghe blocking probabilitiesandcompletiontimes(whenapplica-
ble) of aprovider’s systenparticipatingin SERESto a similarly configuredsystemthatdoesnot participate
in SERES.

Our analysisshowsthat SERESanreduceblocking probabilitiesand completiontimesof all customer
requestgo all participantsof the SERESsystenhy several orders of magnitude Hence, SEREScanoffer
a win-win situationto all participants. Our analysisupon M /G/k/k systemsshaws this to be the case
wheneachprovider participatingwithin SERE Scontritutesthe sameintensity(i.e.,p = A/p, ratio of client
requesrateto to the overall processingate)andplacesthe sameboundon the numberof requestghatcan
be servicedsimultaneouslyi.e., k in an M /G/k/k system).We alsoconsiderthe blocking probability of
the SERESsystemthat servicesﬁxed-ratetransfers%sthe numberof participatingprovidersgrows large.



Theinterestfor this studycomesfrom thefactthatwhenp/k < 1, theblockingrateof thesystemconverges
to 0 but whenp/k > 1, we seetheblocking probabilitycorvemgingto 1 — &/p.

Next, we turn our attentionto SERESsystemsvheresenerscontritute differentlevels of intensityand
hasdifferentboundson the numberof requestsserviced. We shav an obvious resultthat whena lightly
loadedsystemanda heavily loadedsystemform a SEREScollective, the blockingrateon requestgor con-
tentofferedby thelightly loadedsystemwill increasebeyondtheratewhentheit operatesn isolation. We
demonstratehowever, that SERE Sexhibits awin-win situationover awider rangeof systemconfigurations
whensupportingfixed-ratetransmissionshanis exhibitedwhenit supportselastic-ratdransfersystems.

To protectsener systemdrom overextendingresource$n theseheterogeneouscenariosvithoutdrop-
ping active jobs, we introducea thresholdingechniquethat canbe appliedto admissiorrequests.Thresh-
olding allows senersto prioritize admissiorof their own contentover requestdor contentofferedby other
SERESparticipants. Via a combinationof analysisupon systemswherejob sizesare exponentiallydis-
tributed andsimulationusingempirically obsered distributionsfor job sizes,we demonstrat¢hat thresh-
olding canimprove performanceof heavily overloadedsystemswithout significantlydegradingthe perfor
manceof thelightly loadedsystemshatparticipatein SERES.

Therestof the paperis structuredasfollows. In Section2, we briefly overview relatedwork. In Section
3 we presenta modelandevaluationof SERESfor fixed-ratetransfers We develop andevaluatefor elastic
file transferan Section4 andpresentour analyticalsolutionfor this model. Section5 evaluatesa suite of
thresholdingechniquesWe concludeandelaborateon openissuesn Section6.

2 Relatedwork

Several works have previously analyzedsystemsthat pool togethersener resourcego improve various
performanceaspect®f contentdelivery. For instance|2, 3, 4] investigatehe practicalchallengeof main-
tainingconsisteng amongdistributedcontentreplicas.Thestudyin [5] considersnvestigatesheplacement
of contentin thenetwork to minimize delivery latencies Otherstudieq6, 7] investigateload sharing”poli-
ciesthatattemptto keepthe processindgoad on a setof hostsrelatvely balancedvhile keepingredirection
traffic levelslow. TheOcean@roject[8] providesa setof senersthatcanbespavnedandmanagedo meet
additionalsener resourcegor customersAfter senersareallocatedio customerghey areuseexclusively
by contractectustomemithout a concurrensystemsharing.An analyticalstudyof thesetypesof systems
wasperformedin [9]. An essentialifferencebetweenheseworksandoursis thatin this previouswork,
increasingheavailability of resourcesliwaysimprovesthe“performance’of thosewho make theresources
available. In contrastjn SERESsystemsthosewho donatetheir resourceso serviceothercontentmayin
factbe penalizedby reducedservicelevels of their own content.This placesadditionalrestrictionson how
andwhenresourceganbeshared.

Contentproviders currently rely on third-party contentdistribution networks (CDNS) to relieve their
managementf contentdistribution andto achieve low lateng for their servicesatincreaseaosts.ln 2000,
a standardizatiorbody namedContentAlliance [10] was createdfor producingopenstandardgo foster
cooperatiorbetweernCDNSs,with animplementatiordescribedn in [11]. Thiswork providesamechanism
thatenablegprovidersto redirectcontentrequestsand shareone anothers resourcesbut givesno specific
guidelinesasto how theseresourceshouldbe shared.

Receniattentionhasfocusedon the problemof alleviating rapidandunpredictedspikesin requestoad,
aphenomenonftenreferredto asa“flash crovd”. Recentproposaldn thisarea[12, 13, 14, 15] approach
this problemvia a peerto-peer(P2P)solution,in which clientscommunicateadirectly with oneanotherto
retrieve the desiredcontent.Here,clientsdo not have content’of interest"from which they profit. Instead,
the effectivenessof theseapproacheselies on the goodwill of thosewho participatein orderto receve
contentto alsotransmitthe contentto otherswhenrequestedo do so.
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We modelelasticfile transfersasa queuethat utilizes a processosharingdiscipline. An early work
thatinvestigatedhis disciplineis foundin [16]. More recently ZwartandBoxma[17] studiedasymptotic
behaior for this queueingdisciplinewith Poissorarrivals. Heavy-tailed distributionsarestudiedby Mom-
cilovic andJelenkvic [18] andBorstet al.[19]. BansalandHarchol-Balter[20] andCrovella et al. [21]
demonstrateéhat expectedcompletiontimesof jobsin systemshat prioritize jobs accordingto job length
aresmallerthanin systemgshatemploy processosharing.In its currentform, the SERESsystemanalyzed
doesnotqueugobsfor processindif thereis no spacethey aresimply deniedservice).If queuingis added
to a SERESsystem|t would be interestingto considertow thesedifferentschedulingmechanismsurther
impactdelay and blocking probability Last, our fixed-ratemodel presentedn this paperis solved asa
product-formsolution. A recentsuney of thesemethodappearsn [22].

3 SERESfor fixed-rate transfers

In this sectionwe presenfaindevaluatea modelfor a SERESsystemin which acceptedequestseceve data
atfixedrates(i.e., the sener thatacceptdhe requesidedicates fixed amountof processing/bandwild to

handlethe request). This modelis basedon rate-controlledapplicationssuchas streamedsideo or audio
transferandseners.

3.1 Model and Rationale

request

requests requests request requests requests
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(a) Systemsn isolation (b) SERES

Figurel: SERESexamplecomparedo systemsn isolation.

SERESIs a paradigmin which a set of providers sharetheir sener resourcesvith one another A
provider participatingin SERESmuststoreanddistribute its own contentaswell asthe contentof the other
contentparticipatingproviders. In practice, SERESrequiresa negotiationphasein which the participants
agreeto shareresourcesindmaintainup-to-datecopiesof oneanothers content.Oncecontentis uploaded
to thesener collective, client requestgor contentthatcannotbe servicedby the originatingprovider dueto
overloadcanberedirectedo theotherparticipantsof the collective to beservicedby analternatesener. An
exampleof the benefitsof a SERESsystemis depictedin Figurel. In Figure1(a)threedifferentproviders
operatein isolation (i.e., do not hostone another$ content). The provider labeledss cannotserviceall
requestandis forcedto droparequest.The SERESsysteminvolving thesethreesenersis shawvn in Figure
1(b). Here, s3 canredirectrequestdo s,, who, at the time of the arrival of the request,hascapacityto
procesgherequest.

Our investigationin this paperfocuseson the performancdenefitsof the SERESsystemassuminga)
senershave sufiicientdisk spaceo storecopiesof all contentto bedistributedby SERES(b) theredirection
mechanismalwaysredirectsrequestsnstantaneouslyo an alternatesener with available capacity(when
one exists) to processthe request,and (c) core network capacityis unbounded suchthat either sener
processingr transmissiorcapacitiesaccessinks to the network boundthe aggrgatetransmissiomatesof
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eachprovider. Thisis areasonablstartingpointgiventhatthecoreof anetwork is oftenwell-provisionedto

handlepeakloadsandthatredirectiontimesarea smalloverheador long-livedtransferssuchasstreaming
video or large files. Thereare practicalreasongo considermodelswheretheseassumptiongre relaxed

(e.g.,short-lived transfersor bottlenecksn the corethat resultfrom peeringbetweemetwork providers).
We leave theinvestigationof SERESundertheserelaxed assumptiongasfuturework.

We developa SERESsystemuponan Internetinfrastructurehatconsistof contentproviders,seners,
clients and commodities. Commoditiesare the content/informatiorgoodsoffered by contentproviders.
For instance multimediapresentationsf lecturesarethe commoditiesof an online courseoffering. The
contentprovider (alsoreferredto simply asprovider) is the entity thatoffers commoditieso customerwia
thelnternet.A clientis a userthatrequestseceiptof a givencommodity anda serveris thevehicleowned
by the provider thatinterfaceswith the network to deliver commoditiego clients.

We considera setof contentproviders)Y = {y1,y2,...yn } thatoffer afinite setof commoditiesy =
{v1,v2, ...,uy } througha setof seners,S = {si, s9, s3, ..., Sn}. The setof commoditiesowned by a
provider is formally expressedis ¢(y;) = {v;|v; is offeredasy;’s content; y; profits from the processing
of arequestfor v; € ¢(y;), regardlessof which provider owns the sener that acceptsand processeshe
request. We assumep(y;) N ¢(y;) = 0 for i # j, i.e., no two providers profit from the hostingof a
particularcommodity We definethe setof commoditieshostedby sener s; asiy(s;) = {v;|s; offersv;}.
A dedicatedsystema.k.a.,asystemn isolationis asystemn which a SEREScollective is notformedsuch
that eachprovider hostsonly its own content. Thus,if y; usess;, , si,, ...s;, to distribute its contentthen
¢(yi) = UF_19(ss;) in adedicatedsystem. In a SERESsystem,s; canhostadditionalcommoditieson
behalfof othercontentproviders, relaxingthe relationshipbetweery; ands; to ¢(y;) C Ug?:lqﬁ(sij). The
notationnotationusedthroughouthis paperis summarizedn AppendixA.

Becaus¢hegeographicagbositionof thesenershave noeffectonperformancén ourmodel,aprovider’'s
sener systemthat permitsthe provider to alwaysdirectrequestgo a sener with available capacity(when
oneexists) canbe modeled without lossof generality asa singlesener formedby aggreatingthe individ-
ual senerstogether We assumall fixed-ratecommoditytransfergequirethe sametransferrate. However,
thetransfertime (i.e., workload)of eachrequesttanbeindividually describedasani.i.d. randomvariable
dravn from a generaldistribution (includingthe casewherether.v. is a constant) andwherethe choiceof
commodityrequestedy a clientis i.i.d. Without lossof generality the blocking probability andtransfer
timesof sucha systemis equivalentto onethat offers a single commodity wherethe distribution of the
workload of this one commaodityis formedby aggreating togetherthe distributions of the variouscom-
modities’ distributionsfrom the original systemin proportionto the frequeng with which eachcommaodity
is chosen. Thus, without loss of generality the restof the paperassumeshat eachprovider y;’s system
consistof asinglesener, s; offering a singlecommodity v;.

We modeleachsener that transfersdataat a fixed rateasan M/G/k/k queueingsystem:Sener s;
hask; slotsandk; processorsvhereeachslot canbe usedto actively transmita single commodityto a
singleclient. We assuméor all commodities; € V thatrequestirrivalsaredescribedy a Poissorprocess
with rate A\; with eachrequestservicedimmediatelyif thereis an available slot. Otherwise,the request
is forwardedto an available sener (whenoneexists) in the SERESsystemandis otherwisedropped(and
must be droppedwhen the sener operatesn isolation). The servicetime for commodityv; is ani.i.d.
randomvariable B; with meanE[B;] and generaldistribution. Eachacceptedequestis assignedo an
available processorNote that sinceeachentryin the systemis actively beingserviced the servicerate of
the queueingsystemis proportionalto the numberof busy processors.

We definep;({y1,y2, .--yn }) to bethe blocking probability that a requestfor commodityw; is denied
entry to a SERESsystemcomposedof the set of contentproviders {y1,y2,...yn} (emplo/ing seners
s1,--+ ,8,). The dedicatedsystems blocking probability is given by p;({y;}). For a dedicatedsystem,

Whenthecontet is cleat e.g. ,for i.i.d. randomvariableswe dropa variablesubscripffor sale of simplicity.
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the Erlanglossformula (alsoknown asErlangB formula) appliesdirectly [23]:2

A/ k! 1
p({y1}) S (pr )i (1)
wherep; = M E[By].

We extendthis formulato the blocking probability of a two-sener SERESsystemp({y1,y2}). Since
suchalosssystemis a symmetricqueu€24], the stationarydistribution for eachstateP(N; = i, Na = j),
wherei(j) is the numberof commoditiesof type v; (v2) actively being processingcan be expressedn
product-form: P(Ny = 4, Ny = j) = mmjcy, 4,1, Wherem; = pt/il, m = p)/j!, andegy, 4,1 iS @
normalizingconstansuchthat} ;o i~ ;1 i<k +1, TiT; = 1. Hencewe find the blocking probability of a
two-sener SERESsystemto be

n
p{yn1e}) =P(X1+ Xa =ki + ko) = > P(X1=ki+ky—i, X =1)
i=0

"1 1
— -4 = kitke—i
";ﬁmw+@—m@ w2}

1
ki+k
) 1+k2 MC{yhy2}, (2)

wherep; = \;E[B;]. Wereferto p; asthe provider intensityof provider:. Noting that(2) is in the form of
(1) with py replaceddy p1 + p2 andk; replacedy ki + k2 we canrepeathis processecursvely to compute
theblocking probabilityfor a setof n senerscooperatingvithin a SERESsystem.

" 227 kj
1
p({ylayQayn}) = (Zn k])' § :p] c{ylayQ;---yn}' (3)
J ’ j

= (p1+p2

wherecyy, 4,....4,} 1S ONCEMOrethe normalizingconstanfor this distribution suchthat

E i inyendn = 1

1 ZOaiZZOP-WE;'L:l Z] <E;'L:1 k.]

Notethatif Vi, jE[B;] = E[B;] and); = );, the SERESsystemcanbe viewed asa larger sener with
the samentensityperprocessqrbut with >~ , k; processorfor moreeffective loadbalancing.

3.1.1 Criteria for SERESparticipation

We assumehata provider will bewilling to participatein a SERESsystemaslong asthereis no strong
incentve to operatein isolation. More formally, a provider is favorable if either of the following two
propertieshold:

e The blocking probability of a provider's commodityis decreasedvhenthe provider participatesn
SERES.

¢ Theblocking probability of a provider's commodityincreasedy participatingin the SERESsystem
but lies beneatha tolerancelimit, I;. For instancejf I; = 10~° for provider s;, s; will contrilute its
resourceto SERESso long asthe SERESsystemkeepsthe blocking ratefor commodityw; below
10°.
2Notethefactthattheformulacanbeappliedto thesesystemavherethe processindime is describecy a generaldistribution
is dueto themodelassuminghatjobsarenotqueuedi.e.,they aéeacceptedmmediatelyor elseturnedaway.




3.2 Evaluation of a Simple Example Scenario
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Figure2: Evaluationof a SERESsystemunderthe processosharingmodel.

We begin by evaluating SERESas a function of numberof providers participatingand the provider
intensities.Figure2(a) plots blocking probabilitiesof n-provider systemsn = 2, 5,10, whereeachsener
cansimultaneouslyservice100 commodities(k; = 100, i = 1,2).° Theresultsarea directapplicationof
equation(2).

Thevalueof p; = 65 is chosersuchthatrequestdor v; exhibit a blockingprobability of approximately
10~° wheny; operatedn isolation,1 < i < n. On the z-axis, we vary p,, the provider intensity for
providery, They-axisplotsblockingprobabilitiesfor varioussystenmconfigurationsThecure labeled*y,,
in isolation” depictsthe blocking probability of requestdor commoditiesv,, within the dedicatedsystem
for y,. The constantine atp({y1}) ~ 1072, labeled“y; in isolation”, plots the blocking probability of
requestgor commodityw, for provider y; wheny; operatesn isolation(resultsfor providersys, - -+ ,yn—1
areidentical). Theremainingcurveslabeled‘n seners”, n = 2,5, 10, depictthe blocking probability for
all providersthatparticipatein ann-provider SERESsystem.Fromthefigure,we obsere that:

e Fortheshavn rangeof valuesof p,, consideredtheblockingratethatoccursin the SERESsystenfor
commodityw,, is smallerthanits blockingratein isolation. Therefore regardlesf its own provider
intensity a provider is willing to participatein SERESwhenthe otherprovidershave low provider
intensities.

e A rangefor p, exists,0 < p, < 110,175,330 for n = 2,5, 10, respectiely, wherethe blocking
ratein the SERESsystemfor commodityv;, i < n is smallerthantheblockingratewhens; operates
in isolation. Hence,multiplexing acrosssenersin SERESbenefitsprovider y; evenwhenall other
providersin the SERESsystemhave larger provider intensities.

3Thevalueof amaximumof 100is intendedto beamodestut reasonablealuefor aprovider. For instancea streamingsener
might have limitations dependingon the quality of the sessionst carries. Anotherreasonis the factthatcommercialicensesare
often limited. TodayRealNetvorks [25], one of the major developerof streamingmediatechnologiespffersits basicstreaming
sener (free of chage)with maximumcapacityof 25 concurrentlients. Their $1,995-dolladicensesener (RealSerer Plus)has
maximumcapacityof 60 concurrensessions.



e Beyondtherangedescribedabore, requestdor commodityw;,: < n aredroppedwith greatemproba-
bility in the SERESsystem.However, aslong asp,, < 120,200, 350, for n = 2,5, 10, respeciiely,
the blocking probability in the sharedsystemremainssmall, i.e., belov the thresholdl,, = 10~*.
Hence contentprovider y; is favorable.

e Whenp,, assumesighervaluesthedroppingprobabilityfor commoditiedbecomesxcessie, andy;
would preferto withdraw its participationfrom the SERESsystem.

e For thesystemto achieve a particularblocking probability thevalueof p increasesignificantlywith
increases n.

Figure 2(b) graphicallydemonstratethe “areasof SERESwillingness”. In this figure we considera
systemwith two providers,y; andys wherek; = 100,7 = 1,2. We vary p; andp, on the z- andy-axis,
respectrely. Thediagonaline thatseparatethebottom-leftportionof thegraphfrom thetoprightindicates
valuesof p; andp, wherethe SERESsystemdropsrequestst arateof 10~%. Below thisline, the SERES
systemoffers a lower aggregateintensity resultingin a drop rate belov 10~%. The top curve that goes
from the bottom-leftto thetop-rightof the graphis formedfrom the setof valuesof (p1, p2) wherecontent
provider y; experienceshe sameblocking probability regardlesof whetherit operatesn isolationor par
ticipateswithin the SERESsystemj.e., p({y1}) = p({y1, y2}). Above this cure, p({y1}) < p({y1,92}):
blocking probability is reducedfor y; by operatingin isolation,andbelov, p({y1}) > p({y1,y2}). Sim-
ilarly, the lower curwve that runs from the bottom left to the top right is formed from the points where
p({y2}) = p({y1,12}). Below thiscurve, p({y2}) < p({y1,y2}), andabove, p({y2}) > p({y1, y2}).

Eachareabetweenthe variouscurvesis labeledin Figure 2(b) to indicatethe “willingness” of y; and
1o to participatein SERESA labelof ‘L1’ indicatesanareain which blocking probabilityfor y; is smaller
in SERESthanin isolation,i.e., p({y1,%2}) < p({v:}), ¢« = 1,2. An’Al’ labelindicatesan areawhere
p({y1,y2}) < 1. A similarlabelingappliesto markthe variousareasfor provider yo. Whenbothproviders
markanareasimilarly, the pair of labels’Al’, A2’ arereplacedby'A’, and’L1’, 'L2’ arereplacedoy 'L’
X' marksthe areaswherea contentprovider is not favorable. We seethatthereis a significantregion in
which both providerscanbenefitsimultaneoushy participatingin SERES In addition,we notethatthere
is no areain which the blocking probabilitiesof both contentprovidersis higherin the sharedsystemthan
in thededicatedsystem|.e., atleastoneprovider is willing to participatein SERESn ary areamarked by
an’X'.

3.3 Asymptotic limits of SERES: The p/k factor

We turn our attentionto examiningthe performancef ann-sener SERESsystemasthe numberof seners
n tendsto co. We assumehattherearen, differentclasse®f providers,whereall provider systemsn the
sameclassexhibit the sameprovider intensityandhave the samebound,k;, on the numberof jobsthatcan
simultaneoushpe serviced.We let f; representhefraction of providersin classi, 1 < 1 < n.. Equation3
canbereformulatedas .
(e, (nfipg)) =i=1 "%
_ (2_7S, nk; f;)!
p({ylayQa"'ayn}) ZE]"L nfik; (Z;Zl(nfjpj)y (4)

=0 t!

Equation4 canbesimplifiedvia theconstanty = »°7<, f;p; andk = doiey fiks

P({y1, Y2y sy }) = L2V R (5)
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The asymptoticbhehaior of losssystemssuchthatthe ratio of workload by the total capacityis finite
whenthenumberof senersis infinite is known [26]:

0, if p/k <1

li U )) = ) -
Tlim p({y1,42,-n}) {1—k/;3, i if ok > 1 (6)

Figure 3 illustratesthe behaior of an n-sener SERESsystemasn grows large. For simplicity, we
shawv only the casewhereonly one classof senersexists, i.e., n, = 1 in which eachprovider’'s system
cansimultaneouslyhandlek = 100 transmissions.In Figure 3(a), we vary the numberof participating
providersalongthe z-axis, plotting the blocking probability alongthe y-axis, whereeachcurve depictsa
systemwhereagivenproviderintensity p, is exhibitedby all providersin thesystem . Theasymptotidimits
obsered herefit the claimsof Equation6. In particular for p < k, the blocking probability corverges
to 0, whereador p > k, we obsere the blocking probability corverging to the limit given by Equation
6. The figure demonstrate¢for a homogeneousollection of providers) that the mostdramaticbenefits
from SERESresultfrom clusteringsmall numbersof providerstogether andthatincorporatingadditional
providersfurtherreduceslocking probabilities but at a quickly diminishingrate.

In Figure 3(b) we plot the asymptoticblocking probability of a SERESsystemasa functionof p. The
cune ontheleft is the asymptoticblocking probability for the casewherek = 20. The curve ontherightis
for thecasewherek = 120. We noticefor k£ = 120 aslowerincreasen theasymptotiddlockingprobability

0.25

p=95
P = 100 --eemeeene: 0.9+
p= 120 oo
0.2} limit- p=100 + 1 0.8

limit-p=120 X

0.15

0.1r

blocking probability
blocking probability
o
[6)]

01t limit - k=20
R ol A it ke120 e
0 20 40 60 80 100 120 140 ‘ 0 50 100 150 200 250 300 350 400
number of content providers p
(a) Blocking probability increasing the number of (b) Asymptoticblocking probabilityfor n — co.

providers.

Figure3: Asymptoticobsenrationson blocking probabilityfor fixed-ratetransferSERESsystems.

4 SERESfor Elastic Transfers

4.1 Model and rationale

In this sectionwe presentand evaluatea modelfor a SERESsystemin which acceptedequestgeceve
dataat ratethat is proportionalto 1/m, wherem is the aggr@ate numberof customersurrently being
servicedacrossall senersthat comprisethe SERESsystem. Sucha modelfits an ervironmentin which
load is equally balancedacrossseners participatingin the SERESsystem. This canbe accomplishedn

9



practice for instancewith paralleldownloadingtechnology{27]. Suchtechnologyis commonplacdoday
in peerto-peerdownloadingtools suchasMorpheus.

We againconsideramodelin which client arrivals to eachprovider aredescribedy a Poissorprocess
andtheloadimposedoy eachcommaodityis describedoy a generaldistribution. Using the sameargument
asbefore,we cancollapsethe modelto the casewhereeachprovider offers a singlecommodityanduses
asinglesener. We apply a processosharing(PS)modelto capturethe behaior of the transmissiorrate
asa function of the numberof requesturrently being serviced. We assumeéhat eachsener s; bounds
theminimumrateat which it will transmitdatato clientsby boundingthe numberof clientsacceptedy a
constant;, andwill turn away (or redirect)ary additionalclientsrequestingservice? Effectively, this is
anM/G/1/k;/PS queue.As before,we assumehatjobs arenever queuedwhenserviceis unavailable,
but aresimply turnedaway (dropped).In additionto blocking probability asa metricwe alsomeasurgob
completiontime.

Theblocking probability of sessionsinderthis modelis obtainedandevaluatedwith numericalresults
in the next session. Whereasfor an unboundedsystemthe distribution of the queueundera processor
sharingdisciplineis shavn to be geometrid23], in our casewe find thefollowing law (derivationis shavn
in AppendixB):

1 — AE[B]
1— (AB[B])k+

wherel = 7%, A; (where); is therequestatefor commodityv;), k = > 7, k;, and E[B] is themean
size of the requestto the SERESsystem. The amountof work for eachindividual job B({y1,y2, .--yn})
introducedin SERESIs relatedto the amountof work B introducedin isolationfor {y; } throughthe ex-
pressionB({y1, y2,-.-}) = k1B/(325-, kj).

Assuming); = \j = A\ k; = k;, V4,7, it is easyto shaw that, for p = AE[B], whenthe numberof
contentprovidersn goesto oo, theblocking probabilitytendsto

p({y1,92,-- ,un}) = (AE[B))*

(7)

. 1
limno0oP({y1, Y2, --Yn}) =1 — > (8)
The expectedvalue of the delayin the systemis obtainedusing Little’s Law [28]. As a fraction of
customergntersthe systemwe needto considerh; = (1 — p({y1})A. Therefore,
E[N]

d({y1}) = E[D] = E[N]/Af = A= p)n 9)

whereE[N] = YF_ nP(N = n).

4.2 Numerical evaluation

Herewe studyconditionsunderwhich providerswould befavorable participantswithin systemghatconsist
of providerswhosetransferratesareelastic. Figure4 depictsareasof interestcomputedvia applicationof
Equation7. The parameterg; = A1/k1 andps = A2 /ko arevariedrespectrely alongthe z- andy-axis.
In comparisorto Figure2(b), we seethat SERESIn elasticernvironmentsis favorableto both senersfor a
wider variationbetweentheir respectie intensitieswhenboth intensitiesare small (i.e., the bubblein the
bottom-leftcorneris bigger). However, whenintensitiesarelarge, the differencen provider intensitiesover
which both providersarefavorableis reduced.Intuitively, this may be dueto thefactthatwhenthe system
is underhigh loads,the averagecompletiontime of a job increases.Bringing in additionalcapacity(but
with a proportionalload) doesnot reducecompletiontimesof admittedjobs significantlywhenloadis full.

“In the context of paralleldownloading the sumof all fractionalcomponentservicedshouldaddup to &;.

10
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It will, however, reducecompletiontimeswhenloadis light. SinceSERESis mostusefulwhenintensities
arehigh (e.g.,in Figure4, the bulb lies almostcompletelywithin a rangeof blocking probabilitiesthatare
below the providers’ tolerancdimits), we concludethat SEREScantoleratemoreheterogeneityn systems
whenservicingfixed-raterequestshanwhenservicingelastic-rateequests.

Figure5 illustratesa scenarian which we vary p; andmaintainp, fixedat po = 91. Figure5(a) plots
the blocking probabilitiesof the sharedSERESsystemaswell asof eachdedicatedsystemasa function
of p1. Thecune labeled'SERES”,“s;”, and“s2” respectiely plot p({y1,y2}), p({y1}), andp({y2}) (the
last being constant). We obsere the blocking probability of the SERESsystemto be almost4 ordersof
magnitudesmallerthanp({y:}) whenp; andp, areapproximatelyequal. However, the benefitsbecome
mamginal with increasing|p: — p2|. This againsupportsthe conclusionthat SERESis useful for elastic
transfersonly whentheintensitiesmposedby providersareapproximateljthe same.

5 ResourceBounding with Thresholds

We notedin the previous two sectionghat whencontentproviders openly sharetheir resourcesandindi-
vidual provider configurationdiffer, situationscanarisein which subsetsf providerswithin the SERES
systemwill not be favorableparticipants.Here,we evaluatea thresholdingtechniqueasa meansto limit
theamountof their own sener resourceshatthey provide to the SERESsystem.We shav herethatthresh-
olding canbe usedto boundthe blocking probabilitiesof otherwiseunfavorableparticipantsmakingthem
favorableparticipants.

5.1 Thresholdtype definitions

Let h; beathreshold 0 < h; < k; for sener s; suchthats; refusesary requestgo serviceotherprovider’s
commoditiesvheneer it is currentlyservicingh; commoditieghatarenotv;. Suchathresholdguarantees
thatatleastk; — h; slotswill be usedexcluswely for servicingthe contentprovider's own commodity We
call this thresholdtype D1. We also evaluatea slight varianton the thresholdingtechnique. A D2 type
thresholdis onein which an arriving requestfor anotherprovider's commoditiesis deniedwheneer the
numberof availableslots(i.e., k; — z; wherex; is the numberof slotsthatareactively in use)falls belov
h;. For bothtypesof thresholdingsettingh; = 0 for is equivalentto a dedicatedsystem(i.e., the provider
doesnot participatein SERES)andsettingh; = k; for all i is equivalentto a SERESsystemdescribedn

revious sections.
P 11
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Figure5: Evaluationof a SERESsystemunderthe processosharingmodel.

5.2 Analytical evaluation of D1 thresholding

In orderto simplify our analysiswe make anassumptiorthatsenersparticipatingin SERESenableswap-
ping: for ary i, if therearefewer thank; jobs servicingcommaoditywv;, thenall thesejobs areservicedby
s;. Froma practicalperspectie, if a slotwithin s; becomesvailable,someongoingtransmissiorfor com-
modity v; is swappedfrom ans; to s; if suchaj exists,j # <. We shallseeshortly (comparingsimulation
results)thatenablingswappinghaslittle impacton blocking probability

For the sale of analysiswe assumehatservicetimesareexponentiallydistributed® This allows usto
modelthe2-provider SERESsystemasatruncatedarkov chainwith stateslescribedy thepair (N, Na),
where N; is the numberof sessionsservicingcommodityv; in the system,s = 1,2, and0 < N; <
k1 4+ min(ky — Na, ho), and Ny < ko + min(k; — N1, hq). A crucial differencefrom previous modelsis
thathere,sincethe decisionto accepta requesidependn the identity of the commoditybeingrequested,
theblocking probabilitiesfor the differing commoditiescandiffer within a SERESsystem.

This transitionsof the describedvlarkov chainoccurasfollows:

e From(i — 1, j) to (z,7) with rateA;, for 1 <4 < k; + min(k2 — j, he).
e From(i,j) to (i — 1, 5) with rateiu;, for 1 <4 < ki + min(k2 — 7, he).
e From(i,j5 — 1) to (4, ) with rate g, for 1 < j < kg + min(k; — 4, hq).
e From(i,j) to (4,5 — 1) with ratejus, for 1 < j < ko + min(ky — 4, hq).

The above conditionssatisfythe requirementshat allow computationof the steady-stat@robabilities
asa product-formsolutionfor truncatedMarkov chains[29].

Tij = P(N1 =i, Ng = j) = mTjCly, 4o} » (10)
ka+min(hl,k1—4)

wherer; = pi /il, m; = p} /1, andcyy, ,,} isanormalizingconstansuchthat 3 F1 %2 S50 Ti j
1.

®Notethatour reductionof a provider’s sener systento asi?_%leser\erwith asinglecommoditystill holdsWLOG.
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We useEquation10 to computethe probabilitiesof all statesfor which N; = k; + min(k; — m, h;),
giventhat N; = m,j # 4. Thisyields pi({y1,y2}), the blocking probability for commodityv; in the
SERESsystem:

k1+h2 —ho—1
pi({yn,p2}) = P(Ni+Na) Y Tipyiksi+ Z Thitha,j =
1= /Cl h1

_ k§2 (ﬁ)ll (ﬁ>k1+k2i; N <A1>k1+h2 k2_f_1 (AQ)
imhn, M1 i \ o (k1 + kg —1)! C{y1,92} 1 . 1 J,

J=0

wherecy,, ..} is the sameasin Equation10. ps({y1,%2}), the blocking probability for commodityws, is
computedn asimilar manner

Figure 6 depictsrespecire blocking probabilitiesexperiencedor requestof commoditiesy; andwvs
for variousintensitiesandD1 (with swapping)thresholdlevels, whereprovidersy, andy, applythe same
thresholdj.e., h; = ho. We onceagainconsidertwo senerswith atotal of £; = 100 slots. On the z-axis,
we vary p;. Insteadof fixing p2, we setps = 0.2p; suchthatthe intensitiesthatboth providerscontritute
to SERESIincreasealongthe z-axis, but y;’s intensityis remainsmuchlarger thanthatof ¢,. Thevarious
curves depict blocking probabilitiesfor the two commaoditiesfor differing thresholdlevels. The curves
for the systemsin isolation are representedvith thicker lines. The othercurves are labeledaccordingto
which contentthe blocking probability refersto andthethresholdvalue. The curne labeled‘totally shared”
is the blocking probability for both commodityrequestgwhenthe thresholdsare setto maximumvalues
h1 = ho = 100). Theremainingcurves’ labelsindicatethe provider whosecontents blocking probability
is beingplottedandthevalueto which thethresholds set.

Themostimportantconclusionhereis thatvariationin thethresholdcanleadto significantvariationsin
blocking probability for a SERESsystem.In fact, wheneer theload on a sener is small enoughthatthe
sener canmeetits desiredblocking probabilityasa dedicatedsystemthatsener canthenusethresholdsn
a SERESsystenmto allow othercontentprovidersthe useof its resourcesvithout raisingits own blocking
probabilityabove the undesiredevel.
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5.3 Comparison of ThresholdingTechniques/ Swapping

We now evaluatethe blocking probability of SERESsystememplgying thresholdingwhen swappingis
disabled,as well aswhentype D2 thresholdingis emplo/ed. We resortto simulationto explore these
remainingcases. As before,we assumearrivals are describedoy a Poissonprocess. Servicetimes are
describediy a lognormaldistribution, ashasbeenobseredin practiceby [1, 30, 31, 32]. The probability

2
densityfunctionof thelognormaldistributionis definedas fiognormal®) = ﬁ exp(—3% (%) ),

wherelog(z) is the naturallogarithmicfunctionandy ando arethe standardparametersisedwithin the
lognormaldistribution. We usedthe meanand standarddeviation of 26 and46 (minutes)obseredin [1],
respectrely, to derive the parameterg ando.
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Figure7: Theuseof D1-thresholdingandD2-thresholding/sepgng.

Basednmeasurementsom [1], we conducisimulationswith A = 3.5 requestperminuteandE[B] =
26 giving a value po = 91 for commoditywv,. Figure 7 plots blocking probabilitiesobtainedfrom the
previous analysis(for the caseof D1 thresholdingwith swapping)andsimulations(for the othercases)n
which h; = 20 for ¢+ = 1,2. Figure7(a) plots blocking probabilitiesfor commodityv;. Figure7(b) plots
blocking probabilitiesfor commoditywvs. p; is variedalongthe z-axisin both Figure7(a)andFigure7(b).
The cunvesin eachfigure labeled“D1+swap”, “D1+non-svap”, “D2+swap”, and“D2+non-svap” depict
thevariousSEREShresholdingconfigurationsormedby alternatingoetweerthe useof non-svappingand
swappingmethodsandbetweerthe useof D1 andD2 thresholdingechniques.

In Figure7(a), we obsere little differencein blocking probability for commodityv; aswe vary the
configuration.In Figure7(b), we obsere the blocking probabilitiesfor the sener s. The horizontalline
depictsthe blocking probability for commodityve wheny, operatesn isolation. Thesetwo curveswith
sharpincreaseshatoccurfor p; < 40 correspondo the SERESsystemwith D2-thresholdsThetwo curves
areindistinguishablexceptfor p; > 100 wherethe swappingcurve exhibits a blocking probability thatis
slightly lower. The two curveswith sharpincreasesn the range60 < p; < 100 correspondo the SERES
systemwith D1-thresholdsWhenoperatingn the SERESsystemtheblockingratefor commaodityw, drops
by asmuchasthreeordersof magnitudein the rangewherep; < 50 usingD2 andp; < 100 usingD1-
thresholdsin therangep; > 100 theblockingprobabilitiesfor commoditywv, increasetaslowerratewhen
using D2 thresholdghanwhenusing D1-thresholds.This is becausainderD2 thresholding,commodity

vy is lesslikely to be servicedby sener s;. In contrast,the blocking probabilitiesexhibited whenusing
14



D1-thresholdingprovide a notableimprovementover thoseexhibited when using D2 thresholdingwhen
p1 < 100. Hence D1 thresholdingshouldbe usedwhenthe competingsystems intensityis expectedo be
higher andD2 thresholdingshouldbe usedwhenthe competingsystems intensityis expectedio belower.

We further obsene thatthereis little differencein theresultsobtainedwhenswappingis enabledrom
whenit is not. This suggestshatanalyticalresultsfor blocking probabilityfrom a swappingsystemcanbe
usedto approximateblocking probabilitywithin non-svappingsystems.

5.4 Adaptive Thresholding

Motivatedby theresultsin previoussectionsywe consideranidealscenarian whichaprovider, y;, canadapt
its thresholdasa function of the provider intensitiesimposedon the SERESsystemso thatit contritutes
the maximumamountof its own sener resourcegi.e., appliesthe highestthresholdpossible)without the
blockingprobabilityfor its own commodity v;, exceedindts tolerancdimit, ;.
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Figure8: Idealalgorithmfor settingthresholds.

We apply our analysisof D1-typethresholdsystemswith swappingto a 2-provider SERESsystemin
which sener sy hasks = 20 slotsfor processingandsener s; containsk; = 100 slotsandafixedprovider
intensityof p; = 20. Providery; adjustsits thresholdh; suchthatthe blocking probabilityfor commodity
v1 remainsbelow its tolerancdimit of [; = 10~°. Providery, enablests sener to shareits resourcesi.e.,
its thresholds setto thetotal numberof slots,hy = ko = 20.

Figure8(a) plotsthe value of h; asafunction of po, the provider intensitybroughtinto the systemby
provider y2 to maintainp; ({y1,y2}) < l1. We seethatuntil po = 60, the thresholdremainsat 100. As
p2 crosse$0, the thresholddropsrapidly, thencontinuego reduce put at a muchslower rate. Figure8(b)
shaws blocking probabilitiesof variousconfigurationsasa function of p,. The left-mostcurve plots the
blocking probability of commodityv, wheny, operatesn isolation. The remainingthreecurves (which
differ only whenp > 60) plot, from top to bottom,the blocking probabilityfor commodityv, whenSERES
with thethresholdingdescribedabore is applied theblocking probabilityfor all commoditiesvhenSERES
is appliedwithout thresholding andthe blocking probability for commodityv; whenthe thresholdingde-
scribedaboveis applied.

The bottom curve verifiesthat with the thresholding blocking probabilitiesfor commodityv; remain
belav I; = 10~°. By comparingthe remainingtwo curves from the SERESsystemto the curve for the
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casewhereys usesa dedicatedsystem,we seethat, even whenthresholdings deployed, participatingin
the SERESsystempravides significantbenefitsto provider y,. We seethat, while thresholdingincreases
the blocking probabilityfor commodityvs in comparisorto athreshold-free(SERESsystem provider y; is
favorableonly whenthethresholdings applied,andcommodityvs experiences blocking probability that
is ordersof magnitudebetterthanin isolation.

6 Conclusionand Futur e Dir ections

We have analyzedthe performanceof resourcesharingfor contentdistribution throughsener collectves
(SERES)as a meansof reducingblocking probabilitiesand delayswithin stochasticervironments. Our
analysisandsimulationuponfundamentatjueueingmodelshasled to the following resultsandinsights:

¢ We developedanalyticalmodelsof sener collectives that enablecontentprovidersto hostone an-
others content. Separatanodelsare developedfor fixed-rateandelastic-rateransmissionsA pre-
liminary queueinganalysisupon thesemodelsdemonstrateshat, for homogeneougrovider con-
figurations,all providers can simultaneouslyreducethe blocking probabilitiesof requestdor their
content.Similar obserationshold for transmissiordelaysof elasticfiles.

¢ The mostdramaticdecreasem blocking probability are obsered asthe numberof participantsin
smallcollectivesis increasedFor instancewe obsere a 4-orderof-magnitue reductionin blocking
probabilitieswhen comparingan isolatedsystemto a two-sener SERESsystem,while a 10-serer
SERESsystemhasa 7-orderof-magnitue reductionin comparisorto anisolatedsystem.

¢ We found asymptoticresultsfor a SERESsystemasthe numberof participatingprovidersgrows to
oo. If theratio of the averageprovider intensity p to the averagenumberof processinglotsis less
thanone,thenthe systems blocking probabilityis 0 in thelimit. Otherwise the blockingprobability
convergesto 1 — k/p.

¢ Whenloadson senersare high, SERESsystems(without thresholding)canimprove the blocking
probability of all participantsfor a greatervariationin intensitiesamongparticipatingsystemssup-
portingfixed-ratetransferdhancanbetoleratedwithin systemsupportingelastic-rataransfers.

¢ We analyzedwo thresholdingechniqueghatenableheterogeneousetsof sener systemgdifferent
intensitiesandnumbersof processinglots)to form a SERESsystemin which requestgor all partic-
ipants’commaoditiesaredroppedat a ratelower thanwhenthe systemsperatdan isolation.We shav
that, in conjunctionwith thresholdingthe ability to dynamicallyswap a transmissiorto the sener
thatprofitsdirectly from the servicingof the contenthaslittle impacton the blocking probability

Our futureresearchwill explore on on-linealgorithmsfor adaptve thresholding We arealsointerested
in furthering the developmentof analyticalmodelsfor thresholding. We believe that matrix-geometric
analysismay prove to be fruitful in this area. We are also interestedin extendingour modelto cases
wherethe “usefulness’of a particularsener is a function of its proximity within the network to the client
issuingthe request.Policiesandprotocolsusedby providersto perform SERESorganizationandefficient
redirectionareimportantissuesthat mustbe examinedbefore SEREScanbe deplg/ed in practice. As a
long-termgoalwe ervision implementatioranddeploymentof SERES.
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A Notation

V= {Ul,’Ug, Um}
S = {s1,82,..0n}
Y ={y1,92,-Yn}
P(si)

P(yi)
pi({s1,52,---5n})

D1-threshold
D2-threshold

di({y1, 92, ---Yn})

=

i = ($1,$2, ,Tn)
Bi(x), bi(z)
Bi(z)

w(z)

setof commodities

setof seners

setof contentproviders

setof commoditiefferedby sener s;

setof commoditieofferedby contentprovider y;

blocking probability of commodityv; in a SERESsystemwith n seners
numberof session®f commodityw; in the SERESsystem
maximumcapacityon sener s;

arrival rateof requestgor commodityw;

time for processingommaodityw;

pi = ME|[Bj]

mi = pi/i!

/? = 2?21 fipi

k= Z;j;l fzkz

v =plk

thresholdmposedby sener s; on non-primarycommodities
thresholddefinition basedon active numberof non-primarysessions
thresholddefinitionbasedon remainingavailablecapacity
overalltime of v;-sessiorin SERES

maximumblocking probabilityin thetolerancerangeof provider y;
stategivenby remainingfractionsz; of work for a givenjob ¢
distribution anddensityfunctionof B;, respectiely

Bi(z) = P(B; > )

hazardfunctionb;(z)/B;(z)

B Number of sessionsinder processorsharing discipline

In orderto find the distribution of numberof sessionsn the systemwe follow a proceduresimilar to the
derivation describedn [23] (pp. 171)for an unboundedsystem. The work introducedto the systemby
an acceptedsessions a randomvariable B. We denoteits distribution B(z) andthe density probability
functionb(z). Furthermorewe make useof the function B(.) definedas B(z) = P(B > z). Thehazard
functionis definedastheratiow(z) = b(x)/B(z).

We definestatesof the systemasthe currentcompletedfraction of servicerelative to the individual
jobsin increasingorder For example,givenn jobswe have the statex = (z1, z2, x3, ...z,). Sinceeach
job receves 1/n-th of the processinga transitionfrom statex = (z1,z2, ...z, ...z,) 10 statee;(x) =
(z1,z2,...wi—1, Tit1,-.-Ty) OCCUrswith probability intensity (loosely speaking’rate”) w(z;)/n. On the
otherhandfor the reverseprocesshe transitionfrom e;(x) to the statex is given by Ab(z;). In factwe
conjecturethatwe may constructa reverseprocesswith balancingequationggiven by this transitionrates
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andusethetheoremshavn in [23] (pp. 164). We shallhave

= p(ei(x)) Ab(x;) (12)

We assumaewithout lossof generalitythatz; < zo < z3... < z,. Fromthedefinition of the hazard
functionwe rewrite Equationl2 as

p(x) = np(ei(x))AB(z;) (13)

Usingthe definitionof w(.) we areableto find the probability of statesasrecursvely asthe numberin the
systemdecreases:

P(x) = P(x = (21, 2, ...2)) = P(N = 0)n!\" H B(z;). (14)

We find the expressiorfor the numberof sessionsn the systemas:

P(N=n) = n!)\nP(N:())/ / / B(x;)dz1dzs...dz, (15)
)
= A'"P(N =0) // / B(x;)dz1dzs...dz,,
T1<22<...<Zp
= P(N =0)(\E[B))"

We caneasilyfind P(N = 0) by applying the normalizingcondition ZfL:lP(N =n) = 1, thus
finding:

1— \E[B]
P(N =0) = 16
V=0 = = EmEy (16)
Hence theblockingprobabilityis the probability of the eventof maximumutilization whichis givenby
1 — AE[B]
_ k
p({yl}) - (AE[B]) 1— ()\E[B])k—H (17)

Sincewe verify thatp(x) = p(0,x)/(n + 1), we validatetheinitial conjecture.
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